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Hopping conduction in one-dimensional chains is studied for two types of
random distribution of the nearest neighbor jump rate w. The exact
frequency dependence of the ac conductivity is obtained for a bond-
percolation model where the jump rate vanishes randomly. The real and
imaginary part of the ac conductivity are shown to vanish quadratically
and linearly with the frequency, respectively. Critical behaviors at the
percolation threshold are discussed. A distribution pw™!/wg
(0SS w< wy, p>0) for the jump rate is used to describe hopping
conduction among randomly-located sites, where p is the dimensionless
number density of the sites. Using the coherent medium approximation,
it is shown that an insulator-to-metal transition takes place at p=1. Five
regimes, depending on the value of p, are possible for the iow frequency
behavior of the conductivity, the ac part of the conductivity at low
frequencies is quasi-symmetric around p=1 and for 0<p<1 a carrier can
disappear from its initial site even though the dc conductivity vanishes.

1. INTRODUCTION

In this paper, we study stochastic transport due to hopping of carriers on one-
dimensional chains, in which the motion of carriers is governed by the usual
random walk equation with random elementary jump rates. Let P(x,txg,0) be
the conditional probability that one finds a carrier at site x at time ¢ if it was at
*The work at City College was supported in part by a grant from ARO, the PSC-CUNY Research

Award Program, DOE and in conjunction with the binational agreement between NSF and ISPS
under contract No. INT-7918591.
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site xg at r=0. We assume that the Laplace transform P(x,u|xy) of
P(x,t1x4,0),

P(x,ulxg =f0NP(x,r|x0,0) e dt (1.1)
obeys a master equation

(U + Weprx + Weo ) PO u | xg) = wy 1 POc—=1,u | x0)

— Wy POc+1, 0 1 xg) = 8(x, xg) . (1.2

Here, we have neglected carrier-hops beyond nearest neighbors. We assume,
for simplicity, wy x+1= Wx41 . It has been shown in the linear response regime
that when k7T<<7w the ac conductivity o{w) due to the hopping motion can
be expressed in the form of a generalized Einstein relation'-?

2
olw) = —"k"? D(w) , (1.3)

where the generalized diffusion constant D(w) is given by the second spatial
moment of P(x,u | xg)

D(w) = — %2 Y (x—x9)? < P(x,iwlxg) >, (1.4)

where n is the number density of the carrier with a charge e, k& is the
Boltzmann constant, 7 is the absolute temperature and <--> denotes an
ensemble average over possible jump rates.

A formal solution of the master equation (1.2) is readily written as the
(x,xo) matrix element of a random walk propagator (u1—H)™!,

PGx,ulxp={l-WM,, . (1.5)

where H is the tridiagonal hopping matrix of infinite dimension

C Woa F_] W_io 0 0
H= ‘ 0 Wo— Fo W1 0 - (1.6)
- 0 0 wp Ty wyy-

with T’y = — w,_; . — W41, and 1 is the unit matrix. The jump rates {w, 4}
are random variables which have a distribution suitable for individual systems.

II. EXACT RESULTS FOR A BOND-PERCOLATION MODEL

In actual one-dimensional chains, hopping of carriers may be prohibited by
infinitely high barriers or disruptions. The simplest model to describe the
effects of the disruptions is the bond-percolation model where each jump rate
obeys a distribution
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P(Wx‘x+l) = pa(wx,xH - WO) +(1- P)S(WX‘XH) . 2.1)

Here, 8(w) is a Dirac 8-function and wy = 0. An important consequence of
the distribution (2.1) is that the hopping matrix is reduced to a block-diagonal
form and an N-site block has a structure

—Wy wo 0 : : 0
wo —2wp wg
0 Wy -2 Wy

Hy = (2.2)

. —2W0 Wy

0 . M N Wy —Wy
for N =2,3,-- and H;=[0]. Each block corresponds to a finite cluster which
is separated from the rest of the system by two broken bonds at both ends of
the cluster. Therefore, the transition probability P(x,ulx,) vanishes unless x

and x¢ belong to the same cluster and the diffusion constant (1.4) reduces to a
weighted average of those of finite clusters:34

D(w) = ZN(I—p)sz“ Dy(w) , (2.3)
N=1
where the diffusion constant for an N-site cluster Dy (w) is defined by
2 N
Dy(w) = — 2= T (x—x9 2 {liwl y — Hy) ™Y, (2.4)
2N i 0

and the factor N(1—-p)2 p¥~! is the probability that a given site is a member of
an N-site cluster. Here, 15 is an NXN unit matrix. It is elementary to
evaluate the matrix elements of (iw1y — Hy) ™! and Dy (w) is given? by

D) atwe=1+ N1 — @)V + D' - N+ )7, (2.5)

where zi=(\/ﬁ:t\/idx+4)/2, @=w/wy and a is the lattice constant. The
average of Dy(w), Eq. (2.3), was carried out numerically to yield the frequency
dependence of D(w) shown in Fig. 2.1. We notice three typical behaviors; (i)
a level-off at the high frequency limit; (ii) the real and imaginary parts of D(w)
vanish quadratically and linearly in frequency at the static limit, respectively,
and (iii) a gradual transition from the low frequency to the high frequency
regimes. Actually, the limiting behaviors read as

D(w) ~p + 2p(1.—p) i— 2p(.12—p) as w—oo, (2.6)
@ w
and
- 2
Plo) ~ —2— i+ 202" 2 oo 0. (2.7

20-p7 ' 7 4(0-p)?
Therefore, D(w) shows the following critical behaviors at the percolation
threshold p=p. (p,=1):
Re D{w)
(:)2

« (p.—p)™* and lim « (p.—p)?. (2.8)

@—0

lim

o—0

Im D(w)
@
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p=09

€t »l|-

(a) (b)

FIGURE 2.1 The frequency dependence of the dimensionless diffusion
constant D(w)=D(w)/a’w, for the bond-percolation model in a chain; (a) the
real part of D(w) and (b) the imaginary part of D(w).

The divergence of Im D(w)/@ at p=p, implies that the dielectric constant also
diverges at p=p,.

We can also easily calculate the probability that a carrier will remain at its
initial site:’

{P(xo,oolx(,,O)}xo =1-p. (2.9

111. COHERENT MEDIUM APPROXIMATION

Recently, we have applied the idea of the coherent potential approximation® to
obtain an approximate ensemble average of the random walk propagator.? The
essential idea of the coherent medium approximation is the following: Suppose
we try to find a coherent hopping matrix H, defined by

(il =)= (w1 -H)" . G.n

We assume H, has a form

Cowe —2w. oW, 0 0

Ho=| -0 w =2w. w2 0 -], 3.2)

0 0 w, —2w, w, *

where w, is a coherent jump rate and can be a function of ¥. Now, we replace
one of the coherent jump rates w. in the coherent medium by an actual jump
rate, say, wj;. The hopping matrix H, of this system can be written as
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H,=H +V, (3.3)

where the perturbation V is given by a matrix of infinite dimension whose
nonvanishing elements are only an 2X2 submatrix,

-0 0 0 0 -
0 we—wy wp—w, 0 -
0 wy—w, we—wy 0
-0 0 0 0 -

V= (3.4

The coherent jump rate w, is approximately determined by a self-consistency
condition

((ul =H))=(ul -H)", (3.5)

where the average is taken over possible w),. [t is easy to see that condition
(3.5) yields a single scalar equation for w,

1 - MI_)(XO,UIXO) — _f (Wl'z)
T E + 2w,

2W( =+ 2W12 W12 ’ (36)

where = is defined by the lefthand side and the diagonal matrix element
P(xq,ulxg) of the coherent random walk propagator is given by

Plxg,u | xo) = (u? + duw) ™" . 3.7
The diffusion constant of our coherent medium is simply given by
D(w) = a’w, . (3.8)

The ensemble average of the probability that a carrier will remainat its initial
position can be evaluated from P(xg,u | xy) by

IlLrg(P(xo,tlxo)>xo = ‘lll_r% u Pxo,ulxg) . (3.9)

1V. A POWER LAW DISTRIBUTION

Suppose a chain on which hopping sites are randomly located. The distance r
between adjacent hopping sites obeys a Poisson distribution

p(r) = n, exp(—n,r) | 4.1)

if hopping sites are uniformly distributed with a fixed number density n,. We
assume that hopping of carriers is important only between adjacent sites and
negligible between further neighbors, and also assume that a jump rate w(r)
between adjacent sites depends exponentially on the distance r between these
sites;

w(r) = wpexp(—r/Ry) . (4.2)

Here, wy and R, are relevant scaling parameters of frequency and distance.
Equations (4.1) and (4.2) imply that the jump rate between adjacent sites x and
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FIGURE 4.1 The frequency dependence of the dimensionless conductivity
o(w) = o (w)kT/ne? for the power law distribution; (a) the real part of & (w)
and (b) the imaginary part of &(w). @ = w/w.

x+1 obeys a distribution

p(wx.x+l)p_l/(w0)p 0<Wx.x+|<W0

P(wx.x*,l) = 0 (43)

otherwise

with p = n R,.

Now we study a chain whose lattice constant is a=1/n, and the nearest
neighbor jump rates obey the distribution (4.3). We solved Egs. (3.6) and
(3.7) with the distribution (4.3) numerically and obtained the frequency
dependence of the dimensionless ac conductivity & (w) = o (w)kT/ne? shown

1.0 T T T T
)
b '&'(Q)-;’%
-1
§ 0sr w2 T
e
b
L 1 -l 1
00 4 p 6 8 10

FIGURE 4.2 The p-dependence of ¢(0) and & (o). The real part of the ac
conductivity &(w) shows the frequency dependence bounded by &(0) and
& (o0).
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Table 4.1 The low frequency behavior of &(w) for the power law distribution.
7 (0) =3(0)+ 7, (w) and @ = o/ w.

p a(0) dilw) (w~0)
2
-1 -1 1 N
2 < £~ Py Lt Ay
P P p | 2p(p-2) (i)
p=2 1/2 —(1/8V2) (i) " In(i@)
e+l -1
_ _ 1- _ 2=t
1<p<2 p—1 p—1] 2 2‘ Plp—)m (i) ?
p p sin(p—1)=
p=1 0 —2/In{=i&/n(i®))
2
{—p TN 1-p
0<p<1 0 2 0pm | B () e
sinp

in Fig. 4.1.7 We can see the following characteristics: (i) The real and imaginary
part level off at the high frequency limit. (ii) The dc conductivity o (0) is zero
if p<1 and nonzero if p>1, that is a metal-insulator transition takes place at
p=1. (iii) The so-called ac part o(w)—o(0) shows various frequency
dependences depending on p. In fact, we can easily find at the high frequency
limit

g (o) = p/(p+1) , (4.4)

and at the static limit

tog{Re [& (w) -5 (01}

1
6 -5 -4 -3 -2 - o0 |
fog @

FIGURE 4.3 The Ilow frequency behavior of the real part of

G (w) = 6 (w) — 3(0) for p=1, 1+0.1, 1£0.3. The ac part & (w) for p=1=xe€
behaves similarly when e <<1.
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G0 =@-1D/p if p>1 and O =0 if 0<p<1 . (45)

Figure 4.2 shows the p-dependence of &(0) and & (e2). The real part of the ac
condutivity for a given p is bounded by ¢ (0) and & (0). For the low frequency
behavior, we found five regimes classified by the value of p, which are
summarized in Table 4.1. When @ = w/wy << 1, the ac part of & (0) = 7 ()
— &(0) shows a power law dependence on the frequency as &(w) = 4(i@)*
except for p=1 and 2. The factor 4 and the index s are approximately
symmetric near p=1. [See Figs. 6 and 7 in ref. 7.] Actually, the real parts of
& {(w) for p=1+e (¢<<1) behave similarly at low frequencies as depicted in
Fig. 4.3.

Using Eq. (3.9) we can easily show that for any p>0 P(xg,0 | x,0)=0.
Therefore, if 0<p<1 a carrier diffuses infinitely after an infinite time even
though the dc conductivity is zero.® 10

V. REMARKS

The ac hopping conductivity and the decay of carrier from its initial site of the
system described by the master equation (1.1) have been extensively studied by
Bernasconi et al®'? using scaling arguments and effective medium-type
approximations. Their second effective medium approach turns out to be
identical to our CMA for one-dimensional chains, although the former is based
on the effective medium treatment of a resister network'3 whose Kirchhoff
equation is equivalent to the master equation (1.3). In particular, they have
studied the power law distribution (4.3) as a prototype of a general distribution
for the jump rate, and they obtained three classes according to p =1.%12
However, as we have shown in Section 4, the low frequency behavior of the ac
conductivity can be classified into five regimes. A careful analysis shows that
there are six regimes of the low frequency behavior for a general distribution if
one includes a case where jump rates vanish randomly. These regimes are
classifl?;i according to the first and second moment of the inverse of the jump
rate.’™

REFERENCES

1. H. Scher and M. Lax, Phys. Rev. B7, 4491 (1973); ibid B7, 4502 (1973).

2. T. Odagaki and M. Lax, Phys. Rev. B, to be published.

3. T. Odagaki and M. Lax, Phys. Rev. Letts. 45, 847 (1980).

4. T. Odagaki and M. Lax, Phys. Rev. B, lo be published.

5. S. Alexander, J. S. Alexander, J. Bernasconi and R. Orbach, Phys. Rev. B17, 4311 (1978).

6. For example, see M. Lax, Stochastic Differential Equation SIAM-AMS Proc. Vol. 6, 35 (1973).

7. T. Odagaki and M. Lax, Phys. Rev. B, to be published.

8. B. Movaghar, J. Phys. C: Solid State Phys. 13, 4915 (1980).

9. S. Alexander, J. Bernasconi, W. R. Schneider and R. Orbach, Rev. Mod. Phys. 53, 175 (1981).

10. J. Bernasconi and W. R. Schneider, preprint and in this proceedings.

11. J. Bernasconi, S. Alexander and R. Orbach, Phys. Rev. Letts. 41, 185 (1978).

12. 1. Bernasconi, W. R. Schneider and W. Wyss, Z. Physik B37, 175 (1980).

13. S. Kirkpatrick, Rev. Mod. Phys. 45, 574 (1973).

14. T. Odagaki and M. Lax, to be published.

15. M. Lax and T. Odagaki, Proceedings of the Conference of Macroscopic Properties of Disordered
Media, edited by R. Burridge et al(Springer Verlag, New York) 1o be published.



